The group S 4 of permutations on four elements has an irreducible representation corresponding to the partition 4 = 2 + 2. This representation appears in several different mathematical contexts: the Jacobi identity of Lie algebras; the Schouten identity for spinors; differences and the cross ratio in the projective plane; the Grassmannian space of 2-planes in linear algebra; the Riemann tensor in differential geometry; and more. We observe that all these occurrences are connected through perturbative non-abelian gauge theory, thereby acting as a leitmotif.
Introduction
Recently we studied the space of color structures for tree-level scattering of n gluons in pure Yang-Mills [1] , known to be (n − 2)! dimensional, and we presented its transformation properties under S n , the group of permutations of external legs, by recognizing a linkage with the notion of the cyclic Lie operad.
During that investigation and the study of the field of scattering amplitudes, see the reviews [2] [3] [4] [5] [6] and references therein, we observed a recurring theme which is the subject of the current paper.
2 The 2 + 2 irrep of S 4 S 4 , the group of permutations on 4 objects, has an irreducible representation (irrep) associated with the partition of 4 into 2 + 2 = 4, or equivalently the Young diagram (2.1) In this section we construct this irrep and discuss it.
The representation can be constructed as follows. Consider a function t = t σ , where σ ∈ S 4 sends (1234) → (ijkl), satisfying the following symmetries
The first two identities imply that t is anti-symmetric with respect to interchanging either the first pair of indices or the second, and it is symmetric with respect to swapping the pairs. These eight symmetries reduce the dimension of possible t σ from 24 to 3. The third identity implies that the totally anti-symmetric part vanishes. Hence the dimension of this representation is exactly 2, and it turns out to be irreducible. 1 Equivalently this representation can be constructed by identities similar to (2.2,2.3) only without the minus sign in the first identity. In this case the third identity serves to project out the totally symmetric component. Following the same reasoning as before the dimension is 2, it is the same irrep and the two representations are in fact equivalent.
By construction this representation is neither fully symmetric nor fully anti-symmetric and as such it constitutes an intermediate type of symmetry.
Manifestations
In this section we shall see several appearances of the 2 + 2 symmetry type, which are apparently independent, yet are interconnected through scattering amplitudes.
Lie algebra and Jacobi identity
The Jacobi identity is the defining property of a Lie algebra. Its standard form is
where T a , T b , T c are any 3 generators. In terms of the algebra structure constants f abc 2 it is given by
This form stresses the action of S 4 on the identity (as usual one uses the Killing form to raise indices in f abc ), while the former makes only an S 3 manifest. In fact, we may define
t J has the same symmetries as in (2.2) where the lack on a totally anti-symmetric component (2.3) is guaranteed exactly by the Jacobi identity. 3 Hence t J has 2 + 2 symmetry.
1 This can be shown for example by noting that the representation is free of both a totally symmetric and a totally anti-symmetric part, and inspection of the irreps of S4 shows that such a 2d representation is irreducible and unique. We would like to mention a diagrammatical form of the Jacobi identity, namely
where each vertex is oriented clockwise and it represents one factor of f abc . This form was presented first in [8] .
Spinors and Schouten identity
Given 4 spinors, denoted 1, 2, 3, 4 we can define It has the geometrical interpretation that the 4-volume (namely the totally anti-symmetric part) of 4 2d spinors, must vanish. It is seen that t S has 2 + 2 symmetry. This identity is of course central to the manipulation of helicity spinors for scattering amplitudes, and in particular for demonstrating that the permutation-dependent part of the Parke-Taylor formula [9] , namely
satisfies the Kleiss-Kuijf relations [10] (which originate with the symmetries of color structures).
Projective plane and Gross-Mende scattering equations
Cachazo-He-Yuan (CHY) [11] presented a very interesting expression for arbitrary treelevel scattering amplitudes in both gauge theory and gravity, with no reference to helicity spinors, and none to the number of negative helicities or the space-time dimension. The CHY expression depends on sets of complex numbers, σ i , where the index i runs over external legs, which are solutions of the Gross-Mende scattering equations.
If we now define t
then again the symmetries (2.2) are manifest while the absence of the anti-symmetric part (2.3) is now a matter of straightforward algebra. Hence t σ has 2 + 2 symmetry. The permutation-dependent part of the CHY expressions is
Just as for Parke-Taylor also here the 2+2 symmetry is sufficient to prove that this expression satisfies the Kleiss-Kuijf relations.
The projective plane CP 1 is directly related to the spinors of the previous subsection, being their projective version. Under this mapping the product 1 2 is mapped to σ 1 − σ 2 which is used here.
Geometrical realization. An interesting geometrical realization of the space of treelevel color structures T CS n was presented in [12] through the n − 3 homology of the space M 0,n of n marked points on CP 1
where sgn n is the sign representation of S n , and n − 3 is the top homology due to the 3d projective symmetry, namely Möbius transformations. The cohomology of M 0,n can be constructed from Arnold's 1-forms
which satisfy the following relations
where here there is no summation on repeated indices. This means that ω ik ∧ ω jk is in the 2 + 1 representation of S 3 which is 2d and closely related to the 2 + 2 representation of S 4 . In fact, the 2 + 2 representation has as its kernel the Klein subgroup K ⊂ S 4 , which is isomorphic to Z Z 2 × Z Z 2 , and is hence also a representation of the quotient S 4 /K S 3 . Altogether this suggests a connection between the CHY amplitudes, the 2 + 2 representation and the space of color structures.
The cross ratio. There is another relevant quantity associated with 4 points in σ i ∈ CP 1 , i = 1, . . . , 4, namely the cross-ratio
which is constructed of course to be invariant under projective transformations. Defining
we find that t x satisfies the symmetries (2.2) while the identity (2.3) is a result of the algebraic identity
Hence t x has 2 + 2 symmetry. The definition of the cross ratio generalizes to points in a higher dimensional space σ i ∈ R k , i = 1, . . . , 4 through the replacement σ i − σ j → |σ i − σ j |. In this way one defines the conformal cross ratio which is invariant under conformal transformations, see [13] for a recent application. It, in turn, can be used to define a generalized t x satisfying also the 2 + 2 symmetry.
The common Grassmannian
The quantities t S , t σ which satisfy the original relations (2.2,2.3) share a common quadraticlike structure. In both cases we can write
where
For the spinor algebra this is done through s S ij := i j while for the CP 1 algebra this is done through s σ := σ i − σ j . These assignments are consistent with the projective mapping from spinors to CP 1 mentioned after (3.8). The Jacobi identity is also quadratic in a similar way, only there the squaring of f ijx (which is the candidate for s ij ) is accompanied also by summation over x.
Note that the relations (3.16,3.15,2.3) can be interpreted geometrically to mean that s ij belongs to the Grassmannian Gr(2, n), the space of 2-planes in n-dimensional space. Indeed the first identity implies that s ij is a bivector, while the second implies that s∧s = 0 and hence s = u ∧ v for some vectors u, v, that is s represents a 2-plane.
In this sense the 2-Grassmannian is seen to underline all these previous cases. It may very well be related to the appearance of Grassmannians in scattering amplitudes in another context [14, 15] .
Related structures
There are some other mathematical structures which have the 2+2 symmetry, and as such could possibly be related to scattering amplitudes.
The Riemann curvature tensor
The Riemann curvature tensor R ijkl (4.1) has exactly the 2 + 2 symmetries, namely (2.2,2.3). This symmetry is likely playing a role for gravitational scattering amplitudes.
Solving the quartic and Galois theory
The treatment of polynomial equations of degree k is known to be closely related to S k . Galois theory is exactly that mathematical theory which studies the symmetries of various expressions in the roots, and uses them to seek a solution. This connection with permutation symmetries including the 2 + 2 symmetry suggests that Galois theory might have a part to play in scattering amplitudes.
Links and skein relations
A relation similar to (2.3) appears in the theory of knots and links. Considering a link with 4 loose ends there are 3 possible ways to reconnect them into pairs. A skein relation is a general term for a relation between the 3 corresponding invariants (its specific form depends of course on the chosen invariant). In that sense it is similar to (2.3) which also relates the 3 possible ways to divide the 4 indices into two pairs.
Summary
We observed that the 2 + 2 symmetry-type occurs in several mathematical objects which are quite independent of each other, including Lie algebras through the Jacobi identity; spinors through the Schouten identity; the projective plane CP 1 in several forms; and the 2-Grassmannian. Yet all these structures appear in the study of perturbative gauge theory (Yang-Mills), and are in fact interconnected there, thereby serving as a recurring theme, or leitmotif. We noted that other mathematical structures share this symmetry including the Riemann curvature tensor, the Galois theory for solving the quartic and higher order equations, and skein relations for knots and links. The Riemann tensor is surely related to gravitational scattering amplitudes. The formal similarity suggests the possibility that Galois theory or skein relations would be found to take part in the theory as well.
